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The exactly solvable model of quasi-conical quantum dot, having a form of spherical sector is
proposed. Due to the specific symmetry of the problem the separation of variables in spherical
coordinates is possible in the one-electron Schrodinger equation. Analytical expressions for wave
function and energy spectrum are obtained. It is shown that at small values of the stretch angle of
spherical sector the problem reduced to the conical QD problem. The comparison with previously
performed works showed good agreement of results. As an application of the obtained results, the
quantum transitions in the system are considered.
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I. INTRODUCTION
Modern technologies of zero-dimensional semiconduc-
tor structures growth allow to realize quantum dots (QD)
of different shapes and geometry [1]. The presence of
size quantization in all three directions makes the energy
spectrum of charge carriers atom-like and strongly de-
pendent on the geometry and linear dimensions of the
sample [2]. The knowledge of the characteristics of the
band structure of the QD makes it possible to reveal the
features of physical parameters characterizing the inves-
tigated sample. This fact allows one to consider QDs as
promising candidates for element base of the semiconduc-
tor devices of new generation. It is clear that the more
geometrical parameters characterize QD, the more flexi-
bly one can control its energy spectrum. For instance, in
the case of spherical QD [3-5] the only geometrical pa-
rameter is its radius. In the case of cylindrical QD [6-10]
there are two such parameters: the cross-sectional radius
and height of the cylinder. For the spherical quantum
layer [11,12] the geometrical parameters are the internal
and external radiuses. The cylindrical quantum layer al-
ready has three geometric parameters: the height of the
cylinder, and its inner and outer radiuses [13-15]. The
above examples have either spherical or cylindrical ge-
ometry. This allows to spend quite a substantial mathe-
matical analysis of the relevant solutions of Schrodinger
equations, as well as the nature of the energy spectrum
of electron states [16]. However it is possible to realize
QDs having more complex geometry, the analytical de-
scription of which is not so trivial. The examples of such
systems are pyramidal and conical QDs which can be ob-
tained e.g. using a self-organizing growth method [17,
18]. In the mentioned systems in addition to hardships
connected with the description of the complex geometry,
it is necessary to model the confinement potential of QD,
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taking into account the strain effects on the interface QD
- environment [19, 20]. These circumstances force to de-
scribe the physical properties of pyramidal and conical
QDs numerically. In particular, in Ref. [19] the strain
distribution in and around pyramidal InAs/GaAs QDs on
a thin wetting layer is simulated numerically. In its turn,
for QD having a conical shape the authors [21] proposed
a general numerical methodology that can be applied to
both isolated and coupled quantum dots and presented
results for the simple one-band model case. In Ref. [22]
the authors studied electronic states and optical transi-
tions in a conical QD on the basis of the finite element
method. In Ref. [23] carrier capture rates into cone-
and truncated-cone-shaped quantum dots mediated by
Auger processes are calculated. It is demonstrated that
the capture rates strongly depend on both dot size and
shape. In Ref. [24] equilibrium composition maps in
InGaAs/GaAs conic strained quantum dots, using the
finite element method and quadratic programming opti-
mization method are presented.
On the other hand, if one consider the confinement
potential of pyramidal or conical QD relatively simple,
assuming that the electron is in a impenetrable QD with
zero potential energy inside, it is possible to obtain a
number of analytical results for the wave functions and
the energy spectrum of QD [25]. It should be mentioned,
that on the basis of the results obtained in Ref. [25], the
authors [26] have studied the effects of hydrostatic pres-
sure, temperature and impurity position on the donor
binding energy of a pyramid QD. Note that a QD having
a shape of spherical sector also can be approximated to
conical quantum dot (see Fig. 1). The geometry of such
system allows one to make the separation of variables in
Schrodinger equation without any approximations and
obtain an analytical expression for electron wave func-
tion. The aim of the current work is to describe the
behavior of one-electron probability density distribution
and energy depending on the geometrical parameters of
the system. Additionally we have studied the behavior
of the interband quantum transitions both in the cases of
single structure and the ensemble of the noninteracting
QDs.
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2FIG. 1: Quasi-conical quantum dot
II. THEORY
Consider one electron state in the cone-shaped quan-
tum dot. One can present it as a spherical sector (see
Fig 1). In this case the shape of quantum dot is dif-
ferent from the conical one because of the circularity of
the base.However in the cases when the stretch angle of
the spherical sector is small, the circularity of the base is
negligible. Here the confinement potential both in radial
and polar directions is chosen in a form of rectangular
impenetrable walls:
V radconf (r) =
0, r < r0∞, r > r0 , (1)
V polconf (θ) =
0, θ < θ0∞, θ > θ0 , (2)
where r0 and θ0 are respectively the radius and stretch
angle of the spherical sector (see Fig 1). Then in the
spherical coordinates the Schrodinger equation of the sys-
tem has a form
− ~
2
2µ
4r,θ,ϕψ(r, θ, ϕ) +
(
V radconf (r) + V
pol
conf (θ)
)
ψ(r, θ, ϕ) = Eψ(r, θ, ϕ). (3)
The separation of variables is possible in this system,
that is, one may seek the solution of the system in the
form
ψ(r, θ, ϕ) = R(r)P (θ)
eımϕ√
2pi
, (4)
where P (θ) and R(r) are solutions of the following equa-
tions:
d2P (θ)
dθ2
+ cot θ
dP (θ)
dθ
+
(
l(l + 1)− m
2
sin2 θ
)
P (θ) = 0, (5)
d2R(r)
dr2
+
2
r
dR(r)
dr
+
(
k2 − l(l + 1)
r2
)
R(r) = 0, (6)
where k =
√
2µE
~2 and l are the analogues of the quan-
tum numbers, describing the radial and polar motions
of electron, respectively. Note that generally l is not an
integer value, as it is in case of motion in spherically sym-
metric fields, and depends on the boundary condition (2).
The similar situation appears in case of quantum particle
motion on the surface of the spherical segment (quantum
ring on sphere) [27]. In this case the motion of electron is
also restricted in polar direction. In the mentioned work
[27] it was shown that the solution of angular equation
(5) in the case of restricted motion is a linear combination
of two solutions: (see also [28]):
31)m ≥ 0
P (θ) = C1 sin
m θ
2
cosm
θ
2
2F1
(
m+ l + 1,m− l, 1 +m, sin2 θ
2
)
+ C2sin
m θ
2
cosm
θ
2
2F1
(
m+ l + 1,m− l, 1 +m, cos2 θ
2
)
,
2)m < 0
P (θ) = C ′1 sin
−m θ
2
cosm
θ
2
2F1
(
l + 1,−l, 1−m, sin2 θ
2
)
+ C ′2 sin
m θ
2
cos−m
θ
2
2F1
(
l + 1,−l, 1−m, cos2 θ
2
)
.
(7)
In our case the second solution diverges at θ = 0, so that
it should be taken with coefficient zero. Finally, we have
m ≥ 0 P (θ) = C sinm θ
2
cosm
θ
2
2F1
(
m+ l + 1,m− l, 1 +m, sin2 θ
2
)
,
m < 0 P (θ) = C ′ sin−m
θ
2
cosm
θ
2
2F1
(
l + 1,−l, 1−m, sin2 θ
2
)
.
(8)
The radial part of wave function is analogical to one ap-
pears in spherical impenetrable quantum well [3]:
R(r) = D
1√
r
Jl+ 12 (kr). (9)
One can found the values of quantum numbers l and k
from the implementation of the boundary conditions
P (θ0) = 0, (10)
R(r0) = 0. (11)
The probability density distribution |ψ|2 of different
states in XOZ plane cross-section is shown in Fig. 2.
Here the stretch angle of spherical sector is θ0 = 30
◦. The
Dirac notations |klm〉 are used, where the first number
corresponds to the subscript of radial quantum number,
the second one corresponds to the subscript of orbital
quantum number, and the third one is magnetic quan-
tum number. As it might be expected, the growth of
quantum number k when l and m are fixed brings to new
peaks in radial direction (Fig. 2a - 2c). Respectively, the
increase of quantum number l leads to new peaks in polar
direction (Fig. 2a - 2d - 2g). It should be noted, that due
to the azimuthal symmetry of the problem all the states
(expect the cases when m = 0) are degenerate by the
sign of the quantum number m. Besides that, in cases
when m 6= 0 the central peak in polar direction splits
into two peaks (Fig. 2f, 2i, compare with Fig. 2a). The
localization shift to the walls may be explained by the
increase of motion intensity in azimuthal direction with
the increase of quantum number m. In Fig. 2e, 2h the
probability density distribution of the states |220〉 and
|221〉 are presented.
It is interesting to discuss the energy spectrum depen-
dence on the shape of quantum dot. Namely, in the Fig.
3 the dependence of the energy of different states on the
stretch angle for fixed volume V = 2pi3 r
3
0(1 − cos θ0) =
const of QD (r0 = 150A˚ at θ0 = 30
◦) is shown in di-
mensionless values ε = E/ ~
2
2µD2 , where D = 100A˚. All
calculations are performed for GaAs (µ = 0.067m0). In
the case of the fixed volume the increase of the stretch
angle leads to the weakening of the size quantization in
polar direction and to the strengthening in radial direc-
tion. Depending on the localization distribution, differ-
ent states react in different ways on the combination of
this two effects. Namely, in the Fig. 4 a, b the probability
density distribution of |130〉 state is shown for different
stretch angles. It is easy to see, that the weakening of size
quantization in polar direction is much stronger than the
strengthening in radial direction, which leads to the de-
crease of energy. However, it is not always easy to explain
the behavior of different states via probability distribu-
tion because of competition of opposite effects in radial
and polar directions. Note that in case when θ0 = 90
◦
the problem is reduced to the problem of electron states
4FIG. 2: The probability density distribution of different states
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FIG. 3: Dependence of electron energy spectrum on the quasi-
conical QD stretch angle for the fixed volume (r0 = 150A˚ at
θ0 = 30
◦)
in semi-spherical quantum dot [29], and in case when
θ0 = 180
◦ one arrives to the problem of spherical quan-
tum dot [3].
In Fig. 5 the dependence of the energy of different
states on the stretch angle for fixed base d = r0 sin θ0 =
const (r0 = 150A˚ at θ0 = 30
◦) is shown. One may eas-
ily explain the similar behavior of the all states on the
basis of the dependence of volume on the stretch angle
shown in Fig. 5 inset. It is a curve having a minimum,
which corresponds to the maximums of the all states. In
other words, in this case there is a strong dependence of
localization area on the stretch angle, which causes the
appropriate behavior of the all electron states.
FIG. 4: The probability density distribution of |130〉 state at
stretch angles a) θ0 = 30
◦, b) θ0 = 60◦
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FIG. 5: Dependence of electron energy spectrum on the quasi-
conical QD stretch angle for the fixed base (r0 = 150A˚ at
θ0 = 30
◦). In the inset the dependence of QD volume on the
stretch angle for the fixed base is shown.
III. COMPARISON
As it was mentioned above, the problem of one-electron
states in conical quantum dot was already discussed in
several works [22], [25], [30, 31]. In the Ref. [25] the
authors used a transformation of coordinates:
x
z = ρ cosϕ
y
z = ρ sinϕ
z = ω
, (12)
which converts the conical domain into cylindrical shape
(Fig 6 a): 
0 ≤ ρ ≤ tan θ0
0 ≤ ϕ ≤ 2pi
0 ≤ ω ≤ h
. (13)
Then for relatively low values of vertex angle 2θ0 in
some approximation the separation of variables is possi-
ble. The same transformation in our case brings to the
5FIG. 6: Visualization of mathematical transformation for the
cases of a) conical QD, b) quasi-conical QD
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FIG. 7: Dependence of electron energy spectrum on the vertex
angle for the fixed volume (h0 = 90A˚ at θ0 = 30
◦ in Fig. 6a)
cylinder one of the bases of which is curved (Fig. 6 b):{
0 ≤ ρ ≤ tan θ0
0 ≤ ω
√
ρ2 + 1 ≤ r0 . (14)
Using the boundary conditions (24) of Ref. [22]
m = 0,±1,±2, . . .
Jm (kρmi tan θ0) = 0
J√
k2ρi− 34
(kmijh) = 0
, (15)
we have obtained the energy dependence on vertex angle
for GaAs conical quantum dot.
In the Fig. 7 the dependence of the energy of different
states on the vertex angle for constant volume (h0 = 90A˚
30 40 50 60
90
120
150
180
210
240
270
300
kl
m
210
111
310
 
 
 Quasi-conical QD
 Conical QD
FIG. 8: Dependence of electron energy spectrum on the vertex
angle for the fixed base (h0 = 90A˚ at θ0 = 30
◦ in Fig. 6a)
at θ0 = 30
◦ in Fig. 6a) is shown. The solid lines corre-
spond to our case, and the dashed lines are the energy
values of conical quantum dot [25]. Such a good agree-
ment of results for the all states should be explained by
the fact that for relatively low values of vertex angle the
base of quasi-conical quantum dot (our case) is approxi-
mately flat.
In the Fig. 8 the dependence of the energy of different
states on the vertex angle for constant base (h0 = 90A˚ at
θ0 = 30
◦ in Fig. 6a) is shown. The solid lines correspond
to our case, and the dashed lines correspond to Ref. [25].
One can see the similar behavior of the all states. Some
difference in values is explained by the fact that at the
same values of the bases and vertex angles the localiza-
tion area is greater in case of quasi-conical quantum dot.
IV. QUANTUM TRANSITIONS
As an application of the obtained results it is interest-
ing to discuss interband quantum transitions in this sys-
tem. The absorption coefficient in case of electron tran-
sition from valence band into conductive band is given
by the formulae [3]:
6K(ω, θ0, r0) = A
∑
m,m′,l,l′,k,k′
∣∣∣∣∫ ψek,l,mψhk′,l′,m′dv∣∣∣∣2 δ(~ω − Eg − Eek,l,m − Ehk′,l′,m′), (16)
where A is a quantity proportional to the square of the
matrix element taken by Bloch functions [32], ω is the
frequency of the incident light, Eg is the band gap of
bulk semiconductor. δ is the Dirac delta function, which
provides the energy conservation law during the transi-
tions. Here the selection rules for quantum numbers are
k′ = k, l′ = l,m′ = −m. Then the absorption coefficient
takes a form
K(ω, θ0, r0) = A
∑
m,l,k
δ(~ω − Eg − h
2k2
2µred
), (17)
where µred =
µhµe
µh+µe
.
Thus, we obtained the absorption coefficient for a sin-
gle structure having fixed stretch angle and radius. How-
ever in real physical problems we usually have an ensem-
ble of QDs which differ from each other by their geomet-
rical parameters. This is why it is necessary to find the
absorption coefficient of similar structures. Here we as-
sume that the interaction between QDs can be neglected,
and that there is Gaussian distribution by the radiuses:
P (r0) =
1√
2piσ
exp
[
− (r0 − r¯0
2)
2σ2
]
. (18)
with a mean value of radius r¯0 and root-mean-square
deviation σ. Then absorption coefficient takes a form
K(ω) =
∫ r”0
r
′
0
K(ω, θ0, r0)P (r0)dr0 =
A√
2piσ
∑
k,l,m
exp
[
− (r00−r¯02)2σ2
]
|f ′(r00| , (19)
where r00 is zero of the function
f(r0) = ~ω − Eg − ~
2k2(r0)
µred
. (20)
In the Fig. 9 the dependence of the absorption coef-
ficient on the incident radiation frequency is shown for
different initial states. One can easily notice that in case
of lower states the behavior of the absorption coefficient
is peak-type. Instead, the more excited the state is, the
more smooth the curve is. This can be explained by the
fact that more excited states are more sensitive to the
changes of the geometrical parameters.
V. CONCLUSION
We have presented the exact solution of problem of
one-electron states in quasi-conical quantum dot, which
for relatively low values of stretch angle might be consid-
ered as a conical quantum dot. The probability density
distribution for different states is presented. The energy
spectrum of different states and its dependence on the pa-
rameters of quantum dot is obtained. It is shown that the
results of the current work are in good agreement with
the previously performed works. The quantum transi-
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FIG. 9: Dependence of the absorption coefficient (in arbitrary
units) on the energy of incident radiation for different initial
states
tions caused by the absorption of incident radiation are
discussed and the absorption coefficient is calculated.
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